The settling of inertial particles in 2D vertical flows is investigated in the limit where the particle inertia, the free-fall terminal velocity, and the flow unsteadiness can be treated as perturbations. The generic case of recirculation cells bounded by a set of separatrix streamlines forming a heteroclinic cycle of fluid points' dynamics is considered. The (weak) unsteadiness of the flow generally induces a chaotic tangle near the heteroclinic cycle, leading to the apparent diffusion of fluid elements through the boundary. For inertial particles this complex motion can also exist in spite of inertia and sedimentation, provided the Stokes number is below some critical value Stc. It is shown that Stc = P e −1 /|F r −1 ±u 2 0c |, where P e is an effective Peclet number related to the diffusion of fluid points through the boundary, F r is the Froude number based on the horizontal distance between the end points of the separatrix streamline, and u 2 0 is the non-dimensional curvature-weighted average of the squared velocity of the steady fluid flow along this separatrix. The ± sign is positive if gravity and centrifugation act in the same direction, and negative otherwise. When St < Stc, particles moving near the separatrix streamline can enter and exit the cell in a complex manner. When St > Stc a regular motion takes place. Trapping can still exist in this case, since particles can be driven towards the interior of the cell in a regular manner, under the effect of either gravity or curvature, or both.
The settling of inertial particles in 2D vertical flows is investigated in the limit where the particle inertia, the free-fall terminal velocity, and the flow unsteadiness can be treated as perturbations. The generic case of recirculation cells bounded by a set of separatrix streamlines forming a heteroclinic cycle of fluid points' dynamics is considered. The (weak) unsteadiness of the flow generally induces a chaotic tangle near the heteroclinic cycle, leading to the apparent diffusion of fluid elements through the boundary. For inertial particles this complex motion can also exist in spite of inertia and sedimentation, provided the Stokes number is below some critical value Stc. It is shown that Stc = P e −1 /|F r −1 ±u 2 0c |, where P e is an effective Peclet number related to the diffusion of fluid points through the boundary, F r is the Froude number based on the horizontal distance between the end points of the separatrix streamline, and u 2 0 is the non-dimensional curvature-weighted average of the squared velocity of the steady fluid flow along this separatrix. The ± sign is positive if gravity and centrifugation act in the same direction, and negative otherwise. When St < Stc, particles moving near the separatrix streamline can enter and exit the cell in a complex manner. When St > Stc a regular motion takes place. Trapping can still exist in this case, since particles can be driven towards the interior of the cell in a regular manner, under the effect of either gravity or curvature, or both.
Keywords: particle-laden flows; inertial particles; hamiltonian chaos.
The settling of inertial particles in plane two-dimensional flows characterized by quasi-steady recirculation cells is a situation of wide interest in geophysical flows (see for example Stommel [1] , Chen & Fung [2] , Fung [3] , Maxey & Corrsin [4] , Cerisier et al. [5] , to cite but a few). These cells can be due for example to temperature gradients, density gradients, wind on water flows (Langmuir cells). They are characterized by well-defined scales and shapes, and their lifetime is much larger than their turnover time. They have been shown to play a key role in the dynamics of inertial particles, that is tiny objects which do not follow exactly the fluid motion, like aerosols, sediments or even biological objects like plankton [1] . Particles which penetrate into these cells often perform a few rotations, then exit. They can enter under the effect of gravity, inertia, or under the effect of any slight perturbation occurring while the particle passes near the boundary of the recirculation cell. This trapping can be permanent, for example if particles get deposited on walls, or temporary if particles exit the cell. The goal of this letter is to provide an analytical expression for the critical Stokes number below which such a permanent or temporary trapping of inertial particles can occur.
The structure of steady plane incompressible flows is the classical structure of 2D volume preserving dynamical systems, where the hamiltonian corresponds to the streamfunction [6] . These flows are therefore composed of saddle or elliptic stagnation points, the former being related by streamlines, and the latter being surrounded by them. streamlines around them. The "boundaries" of the cells are formed by limiting streamlines joining stagnation points, and forming homoclinic or heteroclinic cycles. These cycles are separatrices playing a key role in the momentary trapping, and therefore delay, of inertial particles during the sedimentation process. Indeed, if particles are sufficiently small, their velocity v(t) is always close to the steady fluid velocity u 0 (x) at the particle position x(t), and gravity, inertia as well as flow unsteadiness can be treated as a perturbations [7] .
Let L be the typical length scale of the flow (e.g. the overall scale of a recirculation cell), and U is the typical velocity of the flow. The non-dimensional motion equation of particles with a small Reynolds number and a large density reads
where St is the Stokes number, that is the response time of the particle divided by the convective time L/U , F r = gL/U 2 is the Froude number, andĝ is the unit vector in the direction of gravity. (The generalization of this theory to particles with a density of the order of that of the fluid, like sediments in water, is among the perspectives of this work.)
The flow is composed of a steady component u 0 plus a small unsteady component ǫu 1 (with 0 < ǫ ≪ 1):
This unsteady term can be due to some noise, or to ambient turbulence with a weak turbulence intensity.
We exploit the fact that St ≪ 1 and look for a solution of Eq. (1) 
. In addition, we assume that St is of the order of the amplitude of the unsteady component, that is
and that the Froude number is of order unity. This implies that the free-fall velocity St/F r is weak and of the order of the unsteady component ǫu 1 . Under these conditions we obtain a reduced dynamical equation for inertial particles (see also Refs. [8] [9]):
plus quadratic combinations of ǫ and St. This equation will be used below.
Consider a separatrix streamline (also denoted as dividing streamline) of the steady flow u 0 joining two saddle stagnation points A and B, with the flow from A to B (Fig. 1) . In the following, the separatrix will be simply denoted by AB. The dynamics near AB can be investigated by considering a solution x(t) of the complete asymptotic equation (3), and by analyzing the variations of the unperturbed streamfunction ψ 0 [x(t)] (defined by u 0 = ∇ × (ψ 0ẑ )) along this perturbed trajectory [10] [11] . Also, we will consider the variation of ψ 0 at discrete times τ n and τ n+1 , where τ n and τ n+1 are the times when the trajectory x(t) passes closest to the stagnation points A and B respectively. We then set:
that is, using Eq. (3):
(5) The sign of ∆ψ P 0 , as t n varies, contains direct information about the behavior of the particle near the heteroclinic cycle containing AB: a constant sign will indicate that the particle penetrates (or exits) the cell once and for all, whereas oscillating signs correspond to a chaotic motion: particles cross the separatrix AB in a complex manner (see Chirikov [11] , Guckenheimer & Holmes [12] ).
The variation of undisturbed streamfunction ∆ψ P 0 is calculated as follows. We consider a cartesian coordinates system (x, y) in the plane of the flow, withŷ directed upward. By denoting t n as the time when x(t) passes nearest to some reference point C of separatrix AB (with C not equal to A nor B), and writing that x(t) ≃ q(t − t n ), where q(t) is an exact solution of the unperturbed dynamics on AB with q(0) = C we are led to:
where:
is the variation of streamfunction for fluid points and
×q dt is related to centrifugal effects and will be discussed below. The unit vectorẑ =x ×ŷ is perpendicular to the plane of the flow. These results have been obtained by making use of the fact that the dynamics of q(t) is very slow near the stagnation points A and B, so that integrals over [τ n − t n , τ n+1 − t n ] can be replaced by integrals over [−∞, ∞] (see Refs. [11] and [10] ). The coefficient γ is the effect of the curvature of separatrix AB on the dynamics of inertial particles. Indeed, the local curvature is R −1 =ẑ.q ×q/|q| 3 so that γ is exactly zero for straight separatrices, and is strictly non-zero for separatrices with a constant curvature. Inertial particles, experiencing a centrifugal force along curved separatrices, tend to drift towards the exterior of the recirculation cell, and this effect brings a constant contribution into ∆ψ P 0 . The coefficient γ can be re-written as a curvilinear integral along the separatrix:
where s is the arc-length, and we made use of the fact that |q|dt = |dq| = ds. The last integral is a curvature-weighted average, which we denote by · c , so that:
Note that this average of a positive quantity is not always positive, as the curvature is a signed quantity: when non-zero, R −1 is positive for anti-clockwise streamlines, and negative otherwise. Under these conditions Eq. (6) leads to:
where we have set x AB = AB.x. For the sake of simplicity the unsteady component of the flow is taken to be T -periodic:
where ω = 2π/T and C −p is equal to the conjugate of C p . The variation of undisturbed streamfunction for fluid points therefore reads:
where α p is the Fourier transform:
Eq. (9) shows that flow unsteadiness, gravity and curvature bring additive contributions into ∆ψ Finally, let ǫ α denote the peak value of the variation of streamfunction of perturbed fluid points trajectories along the separatrix:
A sufficient condition for the sign of ∆ψ P 0 to remain constant for all n is:
where α only depends on the structure of the flow and manifests the effect of unsteadiness. The curvature-weighted average |u 0 | 2 c also is independent of the particle characteristics. It only depends on the geometry of the separatrix AB and on the steady velocity distribution along this streamline.
Recall that all quantities in the results above have been set non-dimensional by using some flow length-scale L and velocity U . The dimensional counterpart of Eq. (12) is:
where: τ p = St × L/U is the response time of the inertial particle ; X AB is the dimensional x-coordinate of vector AB ; U 0 is the dimensional steady component of the fluid velocity ;
It is proportional to the diffusion coefficient of fluid points through separatrix AB within the chaotic tangle, if any, due to the flow unsteadiness (see for example Beigie et al. [13] , Solomone et al. [14] ). We will simply refer to δ as the "effective diffusion coefficient", for simplicity. Note that this quantity is not related to inertial particles and only depends on the unsteady flow.
The motion of inertial particles in the vicinity of separatrix AB will be regular if τ p > τ pc (or, equivalently, if St > St c ), and chaotic otherwise (provided a heteroclinic cycle exist around the cell). In the latter case inertial particles can move in and out the cell through the stochastic layer near separatrices. Because this kind of chaos is temporary, the capture of inertial particles in this regime will only be temporary. In inertial regimes (τ p > τ pc ), and in the steady case (⇒ τ pc = 0), some trapping can also occur, but in a regular manner. Indeed, either gravity, or curvature, or both, can create the conditions for the particles to enter the cell.
To illustrate these results, consider the classical examples sketched in Fig. 1 . Case (ii) corresponds to a flow above a cavity. This elementary flow has been widely used to model pollution in street canyons (see for example Ref. [15] ). We will assume that particles are allowed to slip on the walls, so that the separatrix streamline and the wall form a heteroclinic loop. Suppose that the flow is quasi-steady. The question of interest here is to determine under which conditions the aerosols released within the cavity cross the separatrix AB and escape the cavity. Assuming separatrix AB is perfectly rectilinear, we have . c = 0, and
where W is the width of the cavity. Particles with τ p > τ pc will never exit the cavity. In contrast, for lighter particles with τ p < τ pc , escape will not be impossible: some particles moving near AB will be likely to exit. Case (iii) (backward facing step) is an interesting configuration where centrifugal and gravity effects act in opposite directions. Indeed, we have X AB > 0 and, because the dividing streamline is clockwise, |U 0 | 2 c < 0. One could imagine situations where both effects exactly balance each other, in such a way that g X AB + |U 0 | 2 c = 0. In this case τ pc = ∞, so that, for all τ p , ∆ψ P 0 is an oscillating function of t n and the dynamics is dominated by the unsteadiness of the flow. This is a kind of weightless regime where all aerosols, irrespective of their mass, will diffuse through the separatrix with exactly the same effective diffusion coefficient δ as fluid points.
In case (iv) of Fig. 1 , the curvature of the dividing streamline is the only cause for particles to enter within the cell when τ p > τ pc . Indeed, here also gravity and curvature act in opposite directions, but gravity pushes particles outside the cell. Regular trapping is however possible if the centrifuge effect dominates the effect of gravity, that is: g |X AB | < | |U 0 | 2 c |. Finally, if vector AB is not vertical, |X AB | can be used as a length unit (i.e. we choose L = |X AB |), and the corresponding critical Stokes number simply reads:
where P e = U |X AB |/δ is the fluid points Peclet number based on an arbitrary flow velocity U , on the horizontal distance between A and B, and on the "diffusion" coefficient δ.
The corresponding Froude number is F r = g|X AB |/U 2 , and u 2 0c is a shorthand notation for | |U 0 | 2 c |/U . The ± sign is positive if gravity and centrifugation act in the same direction, and negative otherwise. This is the formula proposed in the abstract.
